Below are exam-ready 10-mark questions and answers for Unit-2: Plane

Wave Propagation, using only the topics and equations from your notes.

UNIT-Il: PLANE WAVE
PROPAGATION

10-Mark Descriptive Questions and Answers

Q1. Define uniform plane wave. Derive the wave
equations for conducting medium from Maxwell’s
equations.

Answer:

A uniform plane wave is an electromagnetic wave in which the electric field
and magnetic field are uniform over any plane perpendicular to the direction of
propagation. The fields vary only along the direction of propagation.

For a wave propagating in 4 2 -direction,

The wave direction is given by



E | g, H || ay
then
Qz X Qy = G,
so the wave propagates in 42 -direction.

For a conducting medium,

o # 0, € = €o€r, B = Holr

Assume sinusoidal time variation:

et
The phasor Maxwell’s equations are:
V-E,=0
V-B,=0

V X Es = —jw,uI:'IS
V x Hy = (o + jwe)E,
Taking curl on both sides of Faraday’s law,
V x (V x E,) = V x (—jwpH,)
V x (V x E,) = —jwp(V x Hy)

Using Ampere’s law,

V x H, = (o + jwe)E,

Therefore,



V x (V x E,) = —jwu(o + jwe)E,

Using vector identity,
V x (VxA)=V(V-A4)— V24

For charge-free medium,

V-E,=0
Hence,
—V2E, = —jwu(c + jwe)E,
V2E, = jwp(o + jwe)E,
Let
v = jwp(o + jwe)
Therefore,

V?’E, —v’E,; =0

Similarly, for magnetic field,

Vzﬁs — 72ﬁ3 =0

These are called Helmholtz wave equations.

The propagation constant is

vy=a+jB

where

a = attenuation constant

B = phase constant



Q2. Derive the expressions for attenuation

constant o and phase constant 3 in a

conducting medium.

Answer:

For a conducting medium,
v = jwp(o + jwe)
Since
y=oa+jB
we write
(a+3B)? = jwp(o + jwe)
Expanding LHS,
(@+37B)* = o — B + j20p8
RHS becomes
Jwpo + j2w2/.ze
= —w?pe + jwpo
Therefore,
2 2 . _ 2 .
a” — B° + j2a8 = —w’ ue + jwuo

Comparing real and imaginary parts,

o? — B = —wlpe

208 = wuo




Now,

But,

Therefore,

Now adding,

Hence,

¥ = \/(—wzue)z + (wpo)?

72| = wpy w2e? + o2

[7*] = (a +3B)°

v = o® + B

a? + B% = wpV w?e + o?

2
a?+ B2 = wz,ue\/l + (l)
we

(o + 8%) + (o = B7)

202 = wzue\/l + (

20° = w’pe

U)
we

2
— wlpe

\/”(a)z—l

o

: -
o ()
2 we

0w | K€ \/1+(i




Similarly, subtracting,

(o + B%) — (o — B%)

Hence,

2
-y [V ()

These are the general expressions for a conducting or lossy dielectric medium.

Q3. Explain wave propagation in lossy dielectric
medium and derive the electric and magnetic
field equations.

Answer:

A lossy dielectric is a medium in which the electromagnetic wave loses power
as it propagates because of finite conductivity.

For lossy dielectric,

o#0
€ = €€y
[ = pofir

The propagation constant is



Yy=a+jp
where

a = attenuation constant
B = phase constant
For wave propagating in +2 -direction, the phasor electric field is
E,(2) = Eoe "a,
Substitute
Y=a+jb
E’s(z) — Ege(tiP)zg
E, (2) = Ege~*e P4,
Including time factor ejwt ,

E(z1t) =Re [Ege~**e~P2e" 4,

E(z,t) = Ege % cos(wt — Bz)a,

The magnetic field is related to electric field by intrinsic impedance:

Therefore,
E
Hy=—2"2
n

Since 7] is complex in lossy medium,

n = |nle?r



Hence,

Therefore,

= E
H(z,t) = — e~ cos(wt — Bz — 6,)a,

ki

Thus, in a lossy dielectric:

E(z,t) = Ege * cos(wt — B2)éy

= E
H(z,t) = e cos(wt — Bz — Oy)a,

7|

Important points:
1. The amplitude decreases as

e—az
2. Electric and magnetic fields are not in phase.

3. Fleads H by angle 9,7 .

4. The wave travels in + 2 -direction.

Q4. Derive the intrinsic impedance of a lossy
dielectric medium.
Answer:

Intrinsic impedance is defined as the ratio of electric field intensity to magnetic

field intensity.



UZFO

For a wave propagating in 42 -direction,

= aEw ~
V X Es = gay
Since
Ez = Ege_7z
OF
T _ E —z
92 YL£o€
Therefore,

—

_ —Yz A
V x E; = —yEpe a,
From Maxwell equation,

—jwuHpe a,

_ —Z5
YEoe™ a,
Cancel common terms,

YEo = jwpHy




Hence,

But,

= yffonlo+ 509
Therefore,
_ Jwit

vV jwp(o + jwe)

Ui

Jwp

= o+ jwe

Dividing numerator and denominator by jwe ,

Therefore,

Magnitude of intrinsic impedance is

In| =

Phase angle is



Therefore,

In lossy dielectric, 77 is complex, hence E and H are out of phase.

Q5. Explain plane wave propagation in lossless

dielectric medium. Derive (¢, ﬁ , velocity,

n = [nle”

wavelength and intrinsic impedance.

Answer:

A lossless dielectric is a medium in which conductivity is zero.

Also,

The general expressions are:

For lossless dielectric,

oc=20
€ = €€,
K= Hofbr

I 2
pe \/H(i) .
2 we
I 2
Laid \/1+(i) +1
2 We




Therefore,

Attenuation constant

azw\/ﬁ[\/m-q

2
i€
—wy /(11
a w\/2( )
a=20

Hence, there is no attenuation.

Phase constant

Velocity of wave




v =
\/ L€
Intrinsic impedance
General expression:
_ [ Jwp
n= 5
o + Jwe
Foro =0,
n— Jwit
Jwe
_ K
lr’ f— —_—
€
Since 1) is real, & and H are in phase.
Wavelength
21
A= —
B
21
A\ =
W4/ L€
Since
w=2nf
21

A nfme



Field equations

For wave in + 2 -direction,

—

E = Ejcos(wt — Bz)a,

H = Hycos(wt — Bz)a,

where

E
Hy=—2"2
U

Thus,

Ey
p/€

H=

cos(wt — Bz)a,

Q6. Explain plane wave propagation in free space
and derive all important parameters.

Answer:

Free space is a special case of lossless dielectric.

For free space,



Since 0 = 0, free space is lossless.

Attenuation constant

a=>0

Therefore, wave does not attenuate in free space.

Phase constant

For lossless medium,

For free space,

Since
1
C— ——
1/ H0€0
we get
B=—
C
Velocity
1
v =

v H0€0

v=c=3x10°m/s

Intrinsic impedance



Wavelength

Since

Mo =4/ —
€0
Mo = 1207 Q2
2T
A= —
g
w
P=
yo 27
w
w=2rf
2\ =

Field equations in free space

For wave propagating in -2 -direction,

where

—

E = Ejcos(wt — Bz)a,

H = Hycos(wt — Bz)a,

E
Hy=—
70




Thus,

FEy )
ﬁcos(wt — Bz)a,

H

Q7. Explain wave propagation in good

conductors. Derive (¢ , B , 1, velocity,
wavelength and skin depth.

Answer:

A medium is called a good conductor if

o > We

or

o
—>1
we

For good conductor, the conduction current density is much greater than the
displacement current density.

Attenuation constant

General expression:

For good conductor,



Therefore,

Hence,
,ue[a]
o~ w - | —
2 Lwe
— e
‘= 2w
| wpo
TV 2
Since
w=2rf

a=/nfpo

Phase constant

General expression:

Neglecting 1 ,



Therefore,

Intrinsic impedance

General expression:

For good conductor,

So,

Therefore,

Since

WE
_ |wpo
b= 2
. |wuo
a=p0= —5
_ [ Jwp
= o + Jwe
o > we

o+ jwe = o

| jwp
o

j=1/90°

\Vj=1/45°

3
1




Hence,

=1/ 2 L45°
g

Therefore, in good conductor, E' leads H by 45° .

Velocity of wave

Wavelength

Usingw = 27 f,

Skin depth




Skin depth is the distance through which the wave amplitude decreases by a

factor of 6_1 .

The wave amplitude varies as

E = Eqje™**
At skin depth 2 = &,

E = Eye !
Therefore,

.E()e_ms = E()e_l

ad =1
1
§=—
(87
For good conductor,
wuo
a f— L
2
Therefore,
2
0 =4/ ——
wuo

Field equations in good conductor

—

E = Eye™* cos(wt — Bz)a,

SR
H = |—(|)e_°‘z cos(wt — Bz — 45°)a,
n




Q8. Explain wave propagation in good dielectric
and characterize conductors and dielectrics.

Answer:

A medium is characterized by the ratio

o

WeE

This ratio is called the loss tangent.

o
tanf = —
we

It is the ratio of conduction current density to displacement current density.

Conduction current density:

J.=0cF
Displacement current density:
Jq = jweE
Therefore,
J
tan@ = el
| Jal
o)
tanf = —
we

Characterization of medium

1. Good dielectric



o < we

then

tanf < 1

The medium behaves as a good dielectric.

In good dielectric,

o
— K1
we

The wave attenuation is very small.

Using general expressions,

For a good dielectric,

a is very small

B~ wy/jie

1
AT

(VI

'I”%

r
€

2. Good conductor




o > we

then

tanf > 1

The medium behaves as a good conductor.

For good conductor,

. |wpo

TTPTN

n= /22 s45°
(o)

3. Frequency dependence

A material can behave differently at different frequencies.

Since

o
tanf = —
we

when frequency increases, W increases and the loss tangent decreases.

Therefore:

¢ At low frequency, a medium may behave as a good conductor.
e At high frequency, the same medium may behave as a good dielectric.

Q9. Derive the relation between electric field and
magnetic field for a uniform plane wave.



Answer:

Consider a uniform plane wave propagating in + 2 -direction.

Let,

—

Es = E0€_7z&m

— . — vz A

H, = Hpe "a,
Using Maxwell’s equation,

V x E; = —jwuf[s

For
E, = E,(2)a,
- OF, .
VX E, = 8; Qy
Since
E, = Ege™ 7
OF,
= —~yEge "
92 Y£o€
Therefore,
—vEpe a4, = —jwpuHpe "a,
Canceling common terms,
YEo = jwpH)
Eo _ jwp
Hy Y

Thus,



Also,

Field equations in terms of 7]

If

UZFO
_ Jwp
/r’_—
Y

E
Hy=—
n

n = |nle?r

then electric field is

E = Ege % cos(wt — Bz)dq

Magnetic field is

E
0 ez cos(wt — Bz — 0p)a,

H =
7|

Similarly, if magnetic field is given,

then

—

H = Hye ** cos(wt — Bz)ay

E=nH

E = |n|Hpe ® cos(wt — Bz + 0n)as




Therefore:

E leads H by 6,

H lags E by 6,

Q10. Explain sinusoidal uniform plane waves and
write the complete field equations for waves

travelling in 42 and — 2 directions.

Answer:
For sinusoidal time variation,
jwit

e’

The general solution of wave equation for electric field is

E.(2) =Eje "+ Eje™

where
Efe™
represents wave travelling in + 2 -direction, and
Eye**

represents wave travelling in — 2 -direction.

Wave travelling in 4 2 -direction

For +2 -direction,

Ew (Z) = Eoe_7z



Y=a+jB
E.(2) = Ege %%~ IP
Including time factor,

E.(z,t) = Re [Eoe_“ze_jﬂzej“’t]

E(z,t) = Eye % cos(wt — Bz)a

= E
H(z,t) = —e **cos(wt — Bz — 6,)a,

ki

Wave travelling in — 2 -direction
For — 2 -direction,
E,(2) = Eoe™
E,(z) = Eget*? eI
With time factor,

E,(z,t) = Re [Eget*%eiP7e"]

E(z,t) = Ege*® cos(wt + B2)dy

For —Z -direction, magnetic field direction changes so that

Ex H = —a,
Therefore,
I _ _@ +az . A
H(zt) = o e cos(wt + Bz — 0,)a,
n




Q11. Define skin depth and derive its expression
for a conducting medium.
Answer:

When an electromagnetic wave travels through a conducting medium, its
amplitude decreases exponentially.

The electric field is
E = Eye~* cos(wt — B2)ds
The amplitude part is
Eoe—az

Skin depth is defined as the distance through which the wave amplitude

decreases to e_l times its initial value.

Let skin depth be 0 .

At

z=24
the amplitude becomes

Eoe_l
Therefore,

Eoe_a6 = E()e_l
Canceling Fg ,
e—a6 — e—l

Therefore,



ad =1

1
§=—
(87
For a good conductor,
wuo
o= it
2
Therefore,
1
) =
wpo
2
2
0 =4/ ——
wuo
Since
w=2nf
1
0 =

Thus, skin depth decreases when frequency, permeability or conductivity
increases.

Q12. Explain polarization of uniform plane waves.
Derive the general equation of polarization
ellipse.

Answer:



Polarization is defined as the time-varying behaviour of the electric field
strength at a fixed point in space.

Depending on the direction and variation of electric field, polarization is

classified as:

Linear polarization

Circular polarization

Elliptical polarization

Let the electric field have two perpendicular components:
E, = Fjcoswt
E, = E; cos(wt + 6)
Using trigonometric identity,

cos(wt 4 §) = cos wt cos § — sin wt sin §

Therefore,
E, = E;[coswt cosd — sinwt sin ¢|
Since
FE, = Fq coswt

t B
coswt = —
E4

Also,

sinwt = v/1 — cos? wt

sin wt 1 B\’
inwt = — ==
E,




Substitute,

Divide by Fg |

Rearrange,

E, E E,\”
ECOS(S—FZ:\/ — (E_l) sin5

Squaring on both sides,

E, Ey\* B \| ..
(E—]-COS(s—E) = [1— (E_l) ]Slﬂ 5

Expanding,
Eg 0 2E,E, Eg E2
——cos“ § — cosd + — =sin®d — —Zsin ¢
E? E,E, E2 E?

Bringing terms together,

2E.E, E?
E\E» E?2

E2
E—z (cos® § + sin® §) —
1

Since,
cos?d +sin?d =1

Therefore,



E?2 2E,E E?
z _ Yecosd+ —L =sin?é

E? E E, E2

This is the general equation of polarization ellipse.

Q13. Explain linear, circular and elliptical
polarization with conditions.

Answer:

The general polarization equation is

— cosd + — =sin“ ¢
E? E E, E2
where,
E, = FEjcoswt

E, = E;cos(wt + 9)

1. Linear polarization

If

=0
then

sind =0

cosd =1

Substitute in general equation,



E? 2E,E, E?

_|_
E? E 1 E, E2

This can be written as

Therefore,
E. E,
E, B,
E
Ey = EE;I,

This is the equation of a straight line.

Hence, the wave is linearly polarized.

2. Circular polarization

E, = E, = E,
and
0=+—
then
cosd =0
sin?§ =1

The general equation becomes



2
B
5 B

E; +E; = E;

This is the equation of a circle.
Hence, the wave is circularly polarized.

Depending on the sign of phase difference, it may be right circularly polarized
or left circularly polarized.

3. Elliptical polarization

E, # E,

and

540

then the general equation represents an ellipse:

— cosd + — =sin“ ¢
E? E,E, E2

Hence, the wave is elliptically polarized.
Special case:

If

and



then

E? E
E} Ej

This is also elliptical polarization.

NUMERICAL PROBLEMS

Similar to the sums in your notes

Problem 1. A uniform plane wave propagates in a
medium and is given by

E = 2¢**sin(10% — B2)d, V/m
The medium is characterized by
e =1, e = 20, c=3S/m

Find:

Solution:

Given,

w = 10° rad/s



107
367

€ = €0€r =
p= popr = 4w x 1077 x 20

Loss tangent:

-9
we 108 x 1;;5#

9 _3392.9

Since,

o
—>1
we

the medium is a good conductor.
For good conductor,

wWHo

108 x 20 x 47 x 1077 x 3

o= =61.39 Np/m

=] 2 L45°
g

108 x 20 x 47 x 1077
In| = 3

The intrinsic impedance is

n| = 28.92 Q



Therefore,

E

Hy=
7|
2

Ho= 55793

H() = 0.069 A/m

Since
E | a,
and wave travels in + 2 -direction, H must be in —&x -direction.

Also, H lags E by 45° .

H = —0.069¢ 5139 in(10%¢ — 61.392 — 45°)a, A/m

Problem 2. A plane wave of amplitude

100 V/m and frequency 300 MHZ travels in

a lossless medium having
Hr = 1a €r = 9, c=20

Write the complete time-domain equations for Fand H .

Solution:

Given,
Ey =100 V/m

f =300 MHz = 300 x 10° Hz



w=2rf
w = 271(300 x 10°)
w = 1.884 x 10° rad/s

For lossless dielectric,

Also,

v=1x10>m/s

g ¥

(%

_1.884 x 10°

b 1 x 108

B = 18.84 rad/m

Intrinsic impedance:



n = 125.66 O

Now,
E
Hy=—
n
~ 100
0 125.66
H() = 0.796 A/m
Therefore,

—

E =100 cos(1.884 x 109 — 18.842)4, V/m

H = 0.796 cos(1.884 x 10°¢ — 18.842)a, A/m

Problem 3. A plane wave propagates in a medium
having
€, = 8, P = 2
The electric field is
E = 0.5¢*/®sin(10% — B2)a, V/m
Find:

1.8

2. Loss tangent

3. Intrinsic impedance
4. Wave velocity

5. Magnetic field

Solution:



Given,

Ey=0.5
1
a=3 Np/m
w = 10°® rad/s

p= popy = 4w x 1077 x 2
p=2513 x 107 H/m

1079
367

€="7.073x 107" F/m

X 8

€ = €€, =

Use
2
a=w ﬁ[\/14- (l) —1]
2 We
Let
(o)
rT=—
we
Then,

a2=w2%[\/1—|—w2—1]

Substituting values gives,
z = 0.5151

Therefore,



tanf = — — 0.5151

we

Now,

B=

w\/%[m—l—l]

B =1.374rad/m

Magnitude of intrinsic impedance:

Phase angle:

) = — VP
1+ 22"/
9| = 177.7 Q
1
0, = —tan" !z

2

1
0, = Etan_1(0.5151)

Therefore,

6, = 13.63°

n=177.7/13.63° Q

Wave velocity:

v=2
B
108
-~ 1.374

v

v="72.78 x 10°m/s




Now,

E
Hy=
7|
0.5

Hy = ———

O~ 177

Hy=2.813x 10" A/m

Since F is in &z ~direction and wave travels in +2 -direction, H is in &y -

direction.

H =2.813 x 1033 sin(10% — 1.374z — 13.63°)4,, A/m

Problem 4. Calculate the intrinsic impedance,
propagation constant, skin depth and wave
velocity for copper at

f =100 MHz
Given,
oc=>58 x10°S/m
pr =1
Solution:
Given,

f =100 x 10° Hz

w=2rf



w = 27 x 100 x 10°

o =58 x 10°S/m

p=po=4mx 1077
Since copper is a good conductor,

wuo

a=p=\/nfuo

o = B = /(100 x 10°)(4r x 107)(58 x 10°)

a=f=151x10"m™"

Propagation constant:

y=a+jB

v = 1.51 x 10° + j1.51 x 10° m™!

Magnitude form:

[yl = Vo2 + B2

Iy| = 2.14 x 10°

v =214 x 10°£45° m™!

=] 2 L45°
o)

Intrinsic impedance:



| = 2m(100 x 10%)(47 x 1077)
= 58 x 106

In| = 3.69 x 107° Q

n = 3.69 x 1073245° Q

Skin depth:
1
6= —
(8
1
o =
1.51 x 10°

0=66x10°%m

0 =6.6 um

Wave velocity:

v =

| €

2m(100 x 10°)
Vv =
1.51 x 10°

v=4.16 x 10° m/s

Problem 5. Determine the polarization of the
following waves.

a)

—

E = 4e7%%% cos(wt — Bz)a, + 3¢ "*sin(wt — B2)a,



b)

H = Hye P4, — 2Hpe %,

c)
- . ~ . ™\ .
E = sin(wt — Bz)a, + sin (wt — Bz — E)ay
Solution:
a)

The components are:
E, = 4e7 %% cos(wt — B2)
E, = 3¢ "**sin(wt — B2)
Since

sin @ = cos (0 — g)

the phase difference is

T
°=3
Also,
E., # E,
because
443
Therefore,

Elliptical polarization




b)

The magnetic field has two components with no phase difference.

H, = Hye "
H, = —2Hye #
The phase difference is
§=0

Therefore, the field traces a straight line.

Linear polarization

c)
The components are:
E, = sin(wt — B2)
E, = sin (wt — Bz — %)

The amplitudes are equal:
Ei,=E,=1
The phase difference is

T
0=3

Therefore,

Circular polarization




Quick Formula Sheet for Last-Minute

Revision

_ [ _Jwu
= o + Jwe
tanf — —
we
e @
B
A= 2T
B
1
0= —
Q

For lossless dielectric:




For good conductor:

E = Ege % cos(wt — Bz)dq

. E
H= ﬁe_az cos(wt — Bz — Oy)a,
n
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